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ON PARALLEL CURVES VIA PARALLEL TRANSPORT FRAME 
IN EUCLIDEAN 3-SPACE 


MUHAMMED T. SARIAYDIN AND VEDAT ASIL 


ABSTRACT. In this paper, we study the parallel curve of a space curve ac- 
cording to parallel transport frame. Then, we obtain new results according to 
some cases of this curve by using parallel transport frame in Euclidean 3-space. 
Additionally, we give new examples for this characterizations and we illustrate 
this examples in figures. 


1. INTRODUCTION 


To a is a curve in plane, there exist two curves Pi = a(s) + teg(s) and P_ = 
a (s) — tez (s) at a given distance t. But these cuves is not easy to characterize in 
3-dimensional space. Then, [3] developed a new construction. This construction 
is carried over the three-dimensional space and as a result, two parallel curves are 
obtained as well. Additionally study parallel helices in three-dimensional space. 

Bishop frame, which is also called alternetive or parallel frame of the curves, 
was introduced by L.R. Bishop in 1975 by means of parallel vector fields. Recently, 
many research papers related to this concept have been treated in Euclidean space. 
For example, in [13] the outhors introduced a new version of Bishop frame and an 


application to spherical images and in [14] the outhors studied Minkowski space in 


73. 
uy: 


In this paper, we obtain some characterizations about parallel curves by using 
Bishop frame in E?. Additionally, we give new examples for this characterizations 
and we illustrate this examples in figures. 


2. Background on parallel curves 


In plane let a smooth curve a(s) = (x(s), y(s)), where s is the arc-length and its 
unit tangent and unit normal vectors are e; (s) and ee (s) ,respectively. Then, we 
get 


P1(S;) =a(s) +teg(s) and P_(S_) =a(s) — tes (s), 
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where Si = S (s) and S: denotes the length along P+, at the distance t. Deter- 
mining the length S;, we can write 


ds 


where « is the curvature of a(s), [3,11]. 


=1+tk, 


Lemma 2.1. Two curves a, 8 : I > E® are parallel if their velocity vectors a (s) 


and 8 (s) are parallel for each s. In this case, if a(so) = 8(so) for some one so in 
I then, a = £, [11]. 


Theorem 2.2. If a,8: I — E® are unit-speed curves such that Ka = kg and 
Ty = +7 then, a and B are congruent, [11]. 


Denote by {e1, e5,e3} the moving Frenet—Serret frame along the curve a in the 
space E3. For an arbitrary curve a with first and second curvature, « and 7 in the 
space E°, the following Frenet-Serret formulae is given 


ey = Keg, 
eo = —Ke, +7Te2, 
e3 =—Teg, 
where 
(e1,€1) = (e2, €2) = (e3, 3) Te 1, 
(e1, €2) = (e1,€3) = (€2,e3) = 0. 
Here, curvature functions are defined by & = « (s) = ||€1 (s)|| and 7 (s) = — (e2, €3) . 


Torsion of the curve a is given by the aid of the mixed product 


_ 6.8.) 
Ke 
In the rest of the paper, we suppose everywhere k #4 0 and rt £ 0. 

The Bishop frame or parallel transport frame is an alternative approach to defin- 
ing a moving frame that is well defined even when the curve has vanishing second 
derivative. One can express parallel transport of an orthonormal frame along a 
curve simply by parallel transporting each component of the frame. The tangent 
vector and any convenient arbitrary basis for the remainder of the frame are used. 
The Bishop frame is expressed as 


€1 = Ki Eq + K2€é3, 


Eg = —K1€1, 
é€2 = —K2€1, 
where 
( (€1,€1) = (€2,€2) = Bees 1, 
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Here, we shall call the set {€1, €5,¢3} as Bishop trihedra and «, and k2 as Bishop 
curvatures. The relation matrix may be expressed as 


€1 = £1, 
e2 = cos 0(s)e2 + sin O(s)és, 
e3 = —sin0(s)eq + cos O(s)e3, 
where 6(s) = arctan *?, T(s) = 6(s) and «(s) = \/K? + «3. Here, Bishop curva- 
tures are defined by 
ky = &(s)cos0(s), 
ko = &(s)sin6(s). 
On the other hand, 
E1 = €1, 
(2.3) Eg = cos O(s)eg — sin A(s)e3, 


€3 = sin 6(s)e2 + cos 6(s)e3. 


3. PARALLEL CURVES IN 3-DIMENSIONAL SPACE 


Let aa: I — E® be a regular curve with parametrized by arc-length. Take the 
derivative of a(s) in accordance with s, we obtain 


(3.1) (a(s) — P)? = #?, 
(3.2) &(s)(a(s) — P) =0, 
(3.3) &(s)(a(s) — P) + d(s)? = 0, 


for the point P. Equations (3.1), (3.2) and (3.3) have geometrical interpretation as 
follows: if (3.1) is regarded a spherical wave consisting of points P at the distance 
t from the moving point a(s), then (3.2) is the enveloping surface (employing the 
intersection of two infinitesimaly close waves) and (3.3) presents the double envelope 
(the intersection of three close waves, the multiple focus of the waves), [3]. 


Theorem 3.1. Let a: I — E® be a regular curve with parametrized by arc- 
length in 8-dimensional space. If P is a parallel curve of a, then 


—2tand+ *«1C 
Jeo + ( 


Pe mee ( 1 2K2 tan é — Ky KC 


)és, 


K41 2K? sec? 6 2K sec? 6 


4 
C = ,/ At? sec? 6 — —. 
Ky 


Proof. Considering the (2.2) and (3.2) equations, we obtain 


where 


(3.4) a — P=pé2 + 73, 


where jz and 7 are appropriate coefficients. From (3.3) and equations 


2 


a =e? =1 and & = é; = Ky Eq + Ke. 
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Then, we can write 


(K1E2 + K2€3) (uE2 + Né3) +1=0, 


(3.5) pK, + nko +1=0. 
Also, if we write at (3.4) instead of the left side of (3.1) then, we get 
(3.6) eta. 
Then from (3.5), we have 

1 
(3.7) p= —— —ntané. 

Kl 
Considering together (3.6) and (3.7) equations, we get 

—2tand+ «1C —2tand—K1C 

3.8 eh ee i Sad pe 
(38) a 21 sec? 0 eee 261 sec? 6 
where 


4 
C = ,/4t? sec? 6 — —. 
KY 


In the rest of the paper, we suppose everywhere 


(3.9) 7 =M- 
And so, we get 
1 2ko tand — Ky K2C 


.10 = 
eo) . Ky 2K7 sec? 0 


After simple computation, we get 


(3.11) Ps =a+t+ Gee = &€3, 
mane 1 2 0 C 2tan 0 C 
Ko tan @ — K1K2 an’ — Ky 
— d = “Fee oe ee ee 
¢ Cs 2K? sec? O pace i 2K1 sec? 0 ) 


Corallary 3.2. If k2 = 0, then 


1 C 
Pst = a+ —l£22 3&3, 
Ky 2 
where 
4 
C= ,/4t? -— roe 
KY 


Example 3.3. Let us consider a unit speed circular helix in E°? by 


8 _ 8 
a =a(s) = (24cos 9p? 24sin 55° 35) 


One can calculate its Frenet-Serret apparatus as the following 


1 8 8 
= Asi 24 
e; (s) ag | 24 sin 55 2400s 55) 
eo (s) = (— cos - sin 55:9): 
1 . 8 8 
es (s) = 5p (7 sin 5B 7cos 557 24): 
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Then, the curvatures of a is given by 


24 
k (s) = 625’ 
7 
Putting, 
7s 
(s) = 625° 


s 


where 0 (s) = fr (s) ds, [8]. Then, we can write the Bishop frame from (2.3) by 


i=} 


8 8 
957 2400s 9570) 


7s 8 TP de MO GS 


1 
é1(s) = 35 (-24 sin 


24 7s 
K1(s) = 605 cos 695" 
24 . Ts 
Ka (8) 605 sin 595 
From (3.9), we get 
(3.12) n= ~ sin ~ ; cos” ~ ie 2 ee) sec? a 


Therefore, by using (3.7) equation, we have 


625 78 1 78 7s 390625 7s 
wl = i 4t2 — 2) 
(3.13) mm cos cos si i( t TA ) se 655 


After simple computation, we get 


7 
P= (24 cos = o4sin ee! a + Ceo + €€3, 


25 25 25 
where 
625 7s 1 % . %s 390625 7s 
= } x a4 4t2 2 
C= oy ©8 Gag + 9 08 Gos SID Gos rt : 14a) 8° G5 
and 


625. 7s 1  » 7s : 390625 7s 
At? eee, 
( ia) °° G95 
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Figure 3.1,0<s<7/6 


Example 3.4. Let us consider a unit speed curve in E? by, [10], 
9 1 9 1 6 
a=a(s)= (oo8 sin 16s — iy sin 36s, — 398 8 16s + 17 © 36s, 65 sin 10s). 
The transformation matrix for the curve a = a(s) has the form 
T 1 0 0 T 
N |} =] 0 cos(24sin10s) — sin(24sin 10s) M, 
B 0 -—sin(24sin10s) cos(24sin 10s) M2 


? 


where 
s 


24 
O(s)= [24c0s(105) mT sin 10s. 
0 
Then, we can give figure of this curve as 


Figure 3.2, 0<s<1 


a 
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